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ABSTRACT: We find the response of a grafted polymer brush in a melt state to the insertion of a small,
impenetrable object in its bulk. The response is calculated by means of perturbation theory applied to
Semenov’s self-consistent mean-field theory of polymer brushes. We find that both the induced pressure
field and the deformation of the free surface decay exponentially away from the region of insertion. The
pressure field exhibits no dependence on the depth at which the object is inserted. The decay length for
both quantities is of the order of the thickness of the brush, he. We also discuss the induced interaction

between two immersed objects.

1. Introduction

Grafted polymer brushes are structures formed by
irreversibly attaching polymer chains by one end to a
solid surface. If the grafting density is high enough,
the chains are forced to stretch in the direction normal
to the surface, thus giving the system a “brushlike”
appearance. (Halperin et al.l have presented an over-
view of this and related microstructures.) These sys-
tems are technologically important for the possibilities
of modifying the physical and chemical properties of the
covered surfaces.

There are still many interesting features of these
systems that need to be explored from both the theoreti-
cal and experimental points of view. Witten? has posed
the following problem: Assume that into a grafted
polymer brush (in a melt state) one inserts a small
balloon of some extraneous material that displaces a
certain number of monomers but does not otherwise
interact with them; what is then the pressure field
created by the insertion? This pressure response is of
fundamental importance since it encodes the mechanical
properties of the system.

For the case of a flat brush in a melt (incompressible)
state, we provide an answer that is rather simple. The
resulting pressure field has no structure in the direction
normal to the surface and decays exponentially away
from the region of insertion in directions parallel to the
surface. We call this a “softness” property of the system.

Our work here makes use of a mean field approach3
and follows, in particular, the self-consistent field theory
of Semenov+® (these and related theoretical works have
been reviewed by Milner®). Here we extend the ap-
proach of Semenov to consider transverse deformation
of the average paths of the chains. The form of our
solution is basically the same as the one provided by
Tang’ for the structure of the pressure field in the
related problem of pure surface deformations in melt
state brushes.

Many previous works regarding the mechanical prop-
erties of brushes have used the Alexander—de Gennes
model as starting point.8~1 The present treatment
should be considered to be a more precise description
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of the system, providing a more reliable estimation of
its moduli. It is important to point out that both in
these previous works and in our present approach, there
is an implicit condition of high grafting density, or
equivalently, strong stretching of the chains. The free
energy functional we use is a good approximation only
if most of the chains are stretched over distances many
times larger than their natural radius of gyration.
While many physical systems do present many charac-
teristics similar to those described by these models, we
do not know of systems in which the strong stretching
limit is actually satisfied. The models proposed, how-
ever, do provide us with a reasonable theoretical picture
and in many cases qualitative agreement with experi-
ments.

We will use the following description for the brush.
The polymer chains are assumed to be monodisperse,
with monomer number N. Each chain is attached by
one end to the flat base. In addition, in the mean-field
approach we are following, an ensemble of chains is
considered to be attached to each point of the base
surface (physically, the ensemble is attached to small
region). The chains in the ensemble can be labeled
according to the maximum height they reach within the
layer (zm). The average path of a chain is given as a
function of the monomer number t along the chain
(running from 0 to N) and written as X(t; X, zm), where
X is the point of attachment of the chain in the base
plane (a two-dimensional coordinate). See Figure 1.

In a melt state the system is incompressible and each
monomer occupies a definite volume v. For a (uniform)
grafting density o (chains/area), the unperturbed poly-
mer layer will have a well-defined height hy = ovN.

2. Free Energy for the Variational Formulation

Following Semenov, we will write a variational func-
tional for the free energy of the system. The main
contribution to this free energy is the entropic cost of
stretching the chains to make them follow a prescribed
average path. Locally, we weight the stretching by
1/,mX2, where m is a temperature-dependent phenom-
enological constant and the over-dot indicates dif-
ferentiation with respect to the monomer number. This
contribution is to be integrated over the monomer
numbers of all chains.
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Figure 1. Scheme of the assumed structure of the brush. A
group of chains attached to a small area extend to different
heights z,, within the layer.

We should also consider the presence of a surface
tension y between the brush free surface and the
surrounding media. This contributes to the free energy

by

F,= [yds 1)

Later on, we will write in detail the integral in terms
of the variables X.

We also need to deal with the fact that the melt
condition imposes a constraint in the accessible con-
figurations of the system. We will enforce this in our
variational principle with the aid of a Lagrangian
multiplier ¢, coupled to the local density of monomers
so that the expression for the total stretching energy
reads

Foy= fdzxﬁ)thfohOdzm 1,9z ymX3(t; X, z,,) +
J & o)lo(r) — oyl (2)

Here g(zm) = do/dzy, is the number of chains (attached
at some given point) having free ends placed at height
Zm. In the second term of this expression the region of
integration is the volume occupied by the melt, and r =
(x,y,2) = (X,2) is the space coordinate. We take the z
coordinate to measure distance from the base surface
while x = (x, y) defines a point in the base surface. The
prescribed density in the absence of external intrusions
is pp = 1iv.

The monomer density p can be written in terms of
the trajectories for the chains after noting that, if we
invert the path function for chains, for each point r in
the bulk there is a set of chains passing through it, with
labels (x,zy) at a certain value of the parameter t. A
natural assumption is that if a point inside the bulk of
the brush is reached by a chain that extends up to some
height, there is always another chain that reaches the
same point but extends farther (up to the maximum
height available). Also note that the trajectories passing
through one point do not necessarily share a common
tangent at such point. We have for the density

p(r) = ["dz,,0(2,) I(X, t; X) @3)

where J is the Jacobian between the coordinates (X, t)
and X at constant z,. Here, the Jacobian has the
function of counting the number of monomers, o dt dx
in the volume d3X. While we use the chain trajectories
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as basic variables, in previous works the local stretching
field X was taken as the basic variable.

The free energy functional can also be written to
stress the interaction of the mean-field ¢ with the
trajectory of the individual chains, as

N .
F= [ydS— [drg¢p,+ Z Jodt [Y,aX? + ¢(r)]
all chains
(4)
3. Remarks on the Ground State

Application of the variational principle for solutions
that are uniform in the transverse direction gives the
following results:®

(&) The minimum energy is obtained when we allow
the chains to distribute along the layer. This feature
is assumed to remain valid at later stages. That s, the
introduction of a perturbation will not drive every chain
to reach the same extremum position; rather, there will
always be chain ends everywhere in the bulk of the
brush.

(b) The only potential ¢ consistent with the kind of
solution described in (a) is parabolic in the z coordinate:

¢ =Po[1 — (Z/ho)z] (5)

where Py = 72mho?/8N2. The shape of the chain trajec-
tory is given by the solution of

mX = V¢ (6)

together with the equilibrium condition at the free end
of the chain, X(t = N) = 0 (i.e., no force acting in the
chain end), and the condition of attachment to the base
X(t=0) = Xo. Thus

Z = Asin(xt/2N) 7)

with possible amplitudes A ranging from 0 to hg. In the
following we will denote this solution as Z(t;A). This
last result is better understood by an analogy with the
classical mechanics system of a particle of mass min a
potential ¢: The harmonic oscillator is the only potential
that allows for all oscillating solutions to have the same
period. Inour problem, this is required by the condition
of monodispersity.

(c) The distribution of chain ends is obtained by
solving the constraint equation of constant density

p@)=1v= [Pz g@ZE2]"  ®
0 15 /5 2N
AR O )

with the result

9@2) = hﬂo (10)

(h02 _ 22)1/2

(d) The distribution of chain ends can be modified to
provide solutions of eq 9 for a more general prescribed
density that depends only on the z coordinate (but with
identical total volume). This is done using the formula
(solution of an Abel integral equation)

9@ = @/N) [, " gz %Flzz)m (12)

The formula solution given by this formula cannot be
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used if the required chain-end density is negative at
some point. A posteriori, we know that the formal
divergences of the result are irrelevant if the perturba-
tion source is smooth and will not turn g negative. Note
that there is no need to change the potential to allow
the mass redistribution. This fact will be very impor-
tant later on, and it is the basis of the “softness”

property.

4. Perturbation Theory

We will use perturbation theory to find the response
of the system to the insertion. In this section we
describe the elements that enter in the calculation. Most
of these considerations were treated in detail in a
previous paper in Tang.’

We need ot represent the fact that the bulk space
occupied by monomers is reduced by introduction of an
impenetrable object. A general object can be modeled
by a profile of displaced volume fraction «f(r). That is,
in a small box of volume dV centered around r, the
object occupies a fraction ef of the volume of the box.
This changes the number of monomers inside the box
to (INV)(1 — €f) dV. Under these circumstances, the
incompressibility constraint reads

p—pp=p—(1—eHiv=0 (12)

where ¢ is the small perturbation parameter.

Consider next the effects of perturbations of the
potential. If the perturbation is €d¢(x,z), we can Taylor-
expand the potential in the neighborhood of a column
(Xo0,2) as

$(X,2) = ¢o(2) + €[0¢(X:2) + Vi 0h(X,2)(X — Xo)] 4213)

(Here and in the following, Vx is the two-dimensional
gradient operator acting on functions of the attachment
point coordinate x.) As a result of the change in the
potential, the new chain trajectories will have a trans-
verse component. However, to calculate the change of
the trajectory in the normal direction, it is sufficient to
consider only the longitudinal changes in the potential
given by d¢(xo,z). The corrections to the z component
of the force 9,¢ felt by the chains as a result of their
transverse motion are of order €2.
If we expand the trajectory as

X=Xy +eX, + ... (14)

the longitudinal perturbation of the trajectory for a
chain that (after the perturbation) extends up to a
height A is then

MZoZ,(t) = 0p(Zo(1)) — 0p(A) (15)
This result follows from integrating the trajectory
equation (eq 6) in a form equivalent to the statement of
energy conservation for a Newtonian particle in a
potential,> and expanding the quadratic terms up to first
order in the perturbation parameter.

The problem that one runs into here is that, for a
generic potential perturbation, this new trajectory
requires a different “time” and we cannot keep (to first
order) the condition of monodispersity. We then have
to assume that the modification to the potential is such
that it retains the parabolic form of eq 5 (with identical
parameter Po) with respect to the height coordinate z,
but with a shift on its maximum value depending only
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on the base point, i.e.
B#(X0,2) = ¢o(2) + (%) + ... (16)

with y(x) independent of the height in the layer. This
is quite an important restriction on the form of the
potential, and one may worry that a consistent solution
of the problem is not possible within the approximations
made, in which case we would be forced to consider the
problem in a more general setting, for example, by
relaxing the constraint of constant density everywhere,
or looking for solutions that have zero chain-end densi-
ties over finite regions. We will see, however, that this
is not the case.

The perturbed potential presented in eq 16 has the
same longitudinal gradient as the unperturbed potential
so that the longitudinal trajectories Z(t) remain the
same as in the perturbed case, and only the transverse
part of the trajectories are modified. This implies that
remark (d) of section 3 is still valid, and by modifying
the chain-end density to go(z) + €g1(X,z), we can create
any perturbation in the density profile epi(x,z) that
respects the monomer count fdz p; = 0. This fact was
already pointed out by Witten? for the case of a slab of
material with no transversal structure (p1 =~ 6(z — 2o)),
but our work extends this result to almost arbitrary
forms of insertions. We have, then, the relation

dz
AL s

The required g; can be obtained using solution 11 of the
Abel equation. As mentioned before, given the weak
singularity of the kernel of this integral equation, ~(2
— 2)7Y2, most smooth densities p; will integrate to a
well-behaved chain-end distribution g, but the require-
ment that the total chain-end distribution go + €g:
should be nonnegative everywhere may impose a re-
striction in the region of applicability of the perturbation
theory. This requirement can be particularly strict in
the region near the base of the brush where the
unperturbed distribution is already small and would call
for a nonperturbative treatment of the problem. We
will, however, not attempt at a more precise quantifica-
tion of the conditions of convergence of the perturbation
theory in this paper.

The transverse deformations caused by the extra
potential are obtained as solutions of the equations of
motion

p1(X,2) — 1,2911(X 2) (17)

i = dp(X)0X;; = €V, (o) (18)

with the conditions Xq(t = N) = 0 and Xg (t = 0) = X, as
stated after eq 6. The solution is simply

X5 = X + (UM)eV, p(xo) ', (2 — 2Nt)  (19)

This transversal displacement will modify the density
of monomers inside the columnlike region associated
with a generic base point x. The Jacobian that appears
in the calculation of the density (3) is easily calculated
to be (to first order)

%(t) =1 — eV2p(x) % @ — 2Nt (20)

aXD(z 2) =1 — eViy(x) Z—T[(cos ! (g)2 - (g)z] (21)
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The total change in the monomer density induced by
the transverse motion is

p1 (X, 2) =
oz ooz 0 2% [eos™ (B~ 3]
(22)

Integration over the column gives the total flux of
monomers (per unit area) toward the column:

n, = o(N*3m)VZy(x) (23)

The introduction of an object of finite volume into the
bulk of the brush requires the deformation of the free
surface to create the extra space required for the
displaced monomers. We should thus examine the
consequences of surface deformations. We describe the
new surface as a deformation of the original, flat one:

h(x) = h, + eh,(x) + ... (24)

For a column based at a point x, of section dS, the
number of monomers in the extra volume at the top of
the section is ¢h; dS/v. These monomers were displaced
from the bulk of the column in consideration. The
depletion in the bulk should be compensated by a
combination of transversal drift and volume exclusion
by an external object, i.e.

hy N2 _, 1
h, ~ 3m Vayp(x) + h—ofdz f (25)

Again, it is important to emphasize that whatever way
the depletion is balanced, the chain-end density can
always be rearranged so that the density prescription
is satisfied.

Upon deformation of the free surface as described
above, the expansion for the free energy contribution
arising from the surface tension is

J & y[1 + Hy(eV,h)? + ] (26)

In the Appendix, we prove that if we require mechanical
equilibrium of the new surface, in the absence of surface
tension, the potential there vanishes and we obtain a
relation between the amplitude of the surface deforma-
tion and the perturbation potential. The potential at
the surface is

(X, h) = ¢o(hy) + €h;¢'(hg) + ey(X) =
«(=2P,h,/h, + ) (27)

The equilibrium condition ¢(h) = 0 is then
h, = (ho/2Po)y (28)

If there is a surface tension present, the potential should
compensate the force derived from the increment of
area:

,h
2F>Oh—+1F/j—(l)——Z h—l (29)

Equations 25 and 29 completely determine all the fields
for a given bulk perturbation.

Finally we comment on the calculation of energies
associated with deformations. Small deviations from
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the value of the density, dp, can be expressed in terms
of the volume fraction as —dv/v2. The pressure that
opposes the changes in the occupied volume can then
be read from (4) to be ¢/v. For a small volume insertion
€V, the work required for the insertion has an expansion
of the form eV ¢(r)/v + .... We are particularly inter-
ested in the case in which two objects are immersed in
the bulk of the brush. If they are spatially separated,
a first insertion modifies the potential by an amount
11 so that a second small insertion, in addition to the
zeroth-order pressure, feels the extra pressure y/v. The
contribution to the total energy of the system from the
interaction between the two insertions (of volumes Vi,
Vs) is

Fine = 61/11V2/V 61/)2V1/V (30)

5. Equilibrium Equations and Solutions

Let us write the final equations for the potential and
the surface deformation as found in the Appendix:

,hi ¥

S EL v e S

2hO CA2V2 “h P, 0 (31)
h, ;2
—h—0+2vpo hfdzf(xz) (32)

where C = 12y/7?(Poho) and A2 = 72hg?/12.

We will now consider some solutions to these equa-
tions. Any density perturbation can be decomposed by
a Fourier transformation into a superposition of density
plane waves concentrated at fixed heights within the
layer:

f = hed(z — zg)cos(k+X) (33)

Pp = (INV)[1 — ehyd(z — zg)cos(k:x)] (34)

Consider one such wave. It is easy to see that the
potential field and surface deformations are of the form

Y = ey(k)cos(k-x) (35)
h, = eh,(k)cos(k+x) (36)

where k = |Kk|. Solving the equilibrium equations, we
obtain

w(k) _ 2 4+ C(Ak)
Po 1+ (k)1 + (C2)(Ak)D)
_ 1 1
(K2%) + (k)7 (KA + (K_A)? D
hy(k) _ 1
ho 14 (A1 + (C/2)(2K)?)
_ 1 -1 1
a- 2C)1’2\(k/1)2 + (kA (k) + (k_2)?
(38)
where
(k) =[1+ @1 —2C)"4/C (39)

The four poles of both (k) and hy(k) are then +ik.. We
choose the signs of the roots so that k+ have a positive



Macromolecules, Vol. 29, No. 24, 1996

‘From C=0.

2

~-0.4 -0.2 0.2 0.4
C—oeo

Figure 2. Location of the poles in the upper half-plane, ik,
as a function of the parameter C, which measures the relative
strength of the surface tension.

real part. A graph of the location of the poles in the
complex plane is shown in Figure 2.

The case of the introduction of a localized intrusion
is solved by modeling the small object as a d-function
distribution of strength €V:

f=Voi(r — ry) = (ViAr®) [dk 6(z — zp)e™™  (40)

where we have taken ro = (0,0,z0). The required
potential is then

V

Y= Jd? ke (k) (41)
0
PoV 1

= 2h, Kol Kok 1)] - (42)

where r = |X| and Kp is a modified Bessel function. In
addition we have, for the surface deformation

v 1
M) = 2ah, 231 — 20)M2

Kok, 1) + Ko(k_r)]  (43)

These expressions for the potential and the deforma-
tion have different characteristics depending on the
importance of the surface tension term. For small
surface tensions, C < 1/,, the poles of the pressure
response y(K) are purely imaginary, and the pressure
and deformation decay exponentially with decay length:

1 1/2
= z[m (44)

We should further point out that under this condition
the pressure is always positive away from the source,
giving the interaction between two insertions a repul-
sive character.

For large surface tensions, C > 1/,, on the other hand,
the poles of the susceptibility are complex and create
oscillatory behavior superimposed to the exponential
decay on the physical-space response. In this case the
decay length is

1 1 \1/21-1/2

| A[ZC + (zc) ] (45)

We note also that, rather naturally, the surface defor-
mation is suppressed as h; ~ 1/C. Finally, in the limit
of very large surface tension, the top surface remains
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Figure 3. Plot of the potential induced by a concentrated
insertion as a function of the transverse distance r for three
values of the parameter C. The insertion is such that V/hg®
=1.
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Figure 4. Plot of the surface deformation induced by a
concentrated insertion as a function of the transverse distance
r for three values of the parameter C. The insertion is such
that V/he® = 1.

flat, and the pressure field inside the bulk develops a
logarithmic behavior, y ~ In(r).

Plots of the potential and the deformation for different
values of the surface tension are presented in Figures
3 and 4.

6. Discussion

As we have seen, the potential does not depend on
the height of the insertion. One may ask what the
physical reason is for the response to have this simple
form. Most of the assumptions in the model are fairly
natural, and even after considering higher order cor-
rections, the final picture should be one in which the
response is dominated by its transverse structure. We
would like to address this as the result of a symmetry-
breaking-like mechanism.

It is a simple physical requirement that the chains
be able to take different configurations inside the brush
and, in particular, to extend to different heights. The
alternative is that all the chains have an average
configuration with uniform stretching and extend their
free ends to the top of the layer, as in the Alexander—
de Gennes model.’? Both the Alexander—de Gennes and
Semenov models evaluate the free energy of the system
in the same way, but as is well-known, the true ground
state is given by Semenov’s solution. The Alexander—
de Gennes model assumes a nondegenerate ground state
where all the chains behave identically. In Semenov’s
solution, the chain ends are distributed across the layer.
To further elaborate this point, we look at the particu-
lars of the model. We note that the longitudinal
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trajectories are solutions degenerate with respect to
their individual contributions, to the total energy, as
expressed in eq 4. The chains can then easily inter-
change positions (up to dynamical and topological
constraints). This means that the distribution of chain
ends does not arise from the thermal broadening of a
concentrated distribution; rather, it appears as a result
of the combination of the energy degeneracy with the
constraints of constant density. (The effects of the
thermal broadening have been discussed previously in
a similar context by Marko and Witten.13)

On physical grounds, we do not expect the introduc-
tion of a small perturbation to drive all chain ends away
from a region of the layer. The degeneracy property
should then be a robust characteristic of the system even
in the presence of the perturbation. We can check this
in our solution by looking at the extra energy contribu-
tion that comes from the transverse displacements. The
form of the potential forces all chains in a column to
have identical transverse displacements (as a function
of the monomer number t) which pick up the same extra
energy and thus maintains the degeneracy.

This degeneracy among the chains attached to a small
base area is what gives the layer its “softness” property.
The degeneracy allows the smearing of the interaction
with the insertion, requiring only that the potential
change locally by a constant. In this regard we may
compare our results with those based in the Alexander—
de Gennes approximation models.1%11 There, the pres-
sure field induced by the external object has, at short
distances, a divergent behavior similar to that of the
potential field of an electric quadrupole, but that away
from the source decays exponentially. We can also
compare, on the other hand, this response with that of
a layer of an ideal liquid in a container: the insertion
will raise the level of the fluid, and the hydrostatic
pressure will increase uniformly everywhere in the
layer. Thus, our results present the brush as closer to
a liquidlike behavior than to the rubberlike elasticity
picture of the Alexander—de Gennes approximation.

An important characteristic of the solution we have
obtained is its dependence on the relative magnitude
of the surface tension. As we have seen, the interaction
between the insertions turns out to have an oscillatory
behavior in the separation between the insertions when
the surface tension is large enough as was also found
in the Alexander—de Gennes approximation.’® Among
other things, this effect suggests the possibility of the
creation of a stable lattice of objects immersed in the
brush. The first minimum in the interaction energy
occurs at a separation of the order

:ﬂ_z illZ_i—l/Z
1= [(zc) 2C (46)

We must point out, nevertheless, that while the relative
magnitude of the surface tension required to produce
such effects is small, namely, C = /;, the actual absolute
magnitude for this surface tension may be rather high.
This energy should be comparable with the minimum
energy required to irreversibly attach the polymer
chains. Such situations may arise when the free surface
of the brush is in contact with a bad solvent.

A gold—copolymer system with characteristics similar
to those described by our model was recently studied
by Morkved et al.l* A copolymer lamella is roughly
equivalent to our model with a small surface tension.
We can then estimate the interaction between gold
spheres induced by the diblock lamella of their experi-
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ment. The lamella are symmetric diblocks of polysty-
rene and poly(methyl methacrylate) containing 300
monomers/block. They were observed to have a layer
thickness h of about 10 nm at a temperature of 430 K.
In these conditions, Poh? ~ 102kT. The gold spheres had
diameters ~4 nm. If the spheres were separated by a
distance of twice their diameters, the estimated interac-
tion energy would be Fint &~ 1071kT. This is a somewhat
small effect, particularly for such large spheres. The
available diblocks, however, do not present a case of
strong stretching. If strongly stretched brushes are
constructed, the effects can become more important. The
numerical result of this estimation is essentially the
same as that obtained using the Alexander—de Gennes
model.1° Although the different approximations give
very different short distance behaviors, the size of the
gold spheres in this example cannot probe such differ-
ences.

7. Conclusions

Our central result is the evaluation of the response
function of the brush to an insertion of a small, extrane-
ous object. The final answer has a very simple form. It
does not depend on the depth of the insertion and has
a simple exponential decay away from the object with
a characteristic length on the order of the brush’s
thickness. Although these characteristics were present
in the solution of the problem of pure surface deforma-
tions solved by Tang,” it is interesting that the same
form of the solution is available for this problem.

In addition, the strength of the interaction between
two objects immersed in different regions of the brush
is simply given by a multiple of the potential . For
small surface tensions, the interaction is of a repulsive
nature. At larger values of the surface tension, the
interaction still decays away from the source but also
presents an oscillatory behavior.

We have argued that the simplicity of the result
depends crucially on the fact of the existence of a highly
degenerate ground-state configuration. We expect to
further exploit this characteristic of the system in
dealing with other static and dynamical problems of
brush structures. We also plan to more carefully
incorporate the effects of the statistical broadening of
the distribution of trajectories, i.e., improving the theory
to include the contributions of trajectories that do not
satisfy the “classical” equations of motion. We expect
the statistical broadening to modify our results for short
distances but retain the long-wavelength behavior
described here.

Finally, we compare these results with those obtained
using the Alexander—de Gennes approximation.1%11 The
exponential decay of interactions and deformations has
been obtained there too, but the form of the interaction
at short distances is clearly distinct. In that case it was
found that the interaction could be attractive or repul-
sive depending on the relative height of the particles.
As expected, substantial differences between the models
appear whenever the internal structure of the brush
becomes relevant to the problem at hand. Of particular
importance is to note that the short wavelength surface
rippling instability found in the Alexander—de Gennes
model® does not appear in the model considered here
nor in the previous discussion of surface deformations
by Tang.” Such instability is therefore an artifact of the
Alexander—de Gennes model, rather than a physical
feature.
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Appendix

In this Appendix we derive the equilibrium conditions
for the brush from our variational principle.

First, using all the considered constraints and proper-
ties of the trajectories and fields, our aim is to write an
expansion of the free energy functional that involves
only the fields y and h;. This can be done since we
already know the form of the chain trajectories, so they
can be integrated over within the functional. From the
variation of the resulting functional, we will obtain
equations for the determination of the potential and the
deformation.

In general, an expansion up to second order in the
perturbation parameter will contain quadratic terms in
the fields of the form h;2, as well as linear terms in
second-order quantities (X», etc.). For the purpose of
obtaining the equilibrium equations for the fields,
however, we will need only the quadratic terms.

We start by rewriting the functional (5) as

=g [d’x f dt
(Z, 1+ llz(vxehl)z)

XD'EVXw) fdz X

22 + ¢ + ep(X) +

N m
+ofd®x ] dt(EXDZ—i-
"Mz (L) (90 + ey)(L — €f) +
. (A1)

Integration over the trajectories (eqs 7 and 19) and
expansion of the last integral gives

2
— 2 2 1 2
F= [d’ {mmah + y[1 + M (V,eh,)T] +

ho f 2 7 2 _
j;) dZe;¢0+ewj(‘) dz—+e ﬁmoh

ZNO 20N

h

(wa) 1¢} (A2)

We have not included here terms containing second-
order quantities.
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Variation of the effective free energy for the potential
and deformation fields gives the equilibrium equations
(egs 32 and 31):

h, » o Ny Yy

2h—O—C/1V h——P—O—O (A3)
h, 22
—h—o—i—ZVP—O——fdzf(xz) (A4)

where C = 12yv/a?(Poho) and A2 = 72hy?/12.

We note that this variational procedure recovers the
anticipated relation between the potential and the
surface deformation. In addition, as can be expected
from the original introduction of the ¢ field to enforce
incompressibility, the resultant equation for the varia-
tion of the free energy with respect to y (eq A4) is
equivalent to the requirement of balance between
monomer displacements and external insertion eq 25.
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